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Weighted norm inequalities for multilinear Fourier multipliers with mixed norm

Abstract: Weighted norm inequalities for multilinear Fourier multipliers satisfying Sobolev regularity with mixed norm are discussed. Our result can
be understood as a generalization of the result by Fujita and Tomita [4] by using the L"-based Sobolev space, 1 < r < 2 with mixed norm.

1 Introduction and main result

Let n € N and let S(R™) be the Schwartz class of all rapidly decreasing smooth functions.
Also, let N be a natural number, N > 2 and let fi,..., fx € S(R"). Form € L>(RN"),
the N-linear Fourier multiplier operator 7}, is defined by

ZI‘,,L(fl,....,fN)(z):ﬁ/@mv i@t

OFi(€r) ... In(En) dg,

where x € R™, ¢ = (&1,...,€6n) € (R")N and d¢ = d¢; ... déy. Let ¥ be a function in
S(R%) satisfying
supp¥ C {€ e R :1/2< g <2}, D w(g/2Y) =1, £eR!\{0}. (1.1)
keZ

We set

m;(&rs - En) =m0, 26N T (& 6N,
where U is as in (1.1) with d = Nn. By || Tl o1 (wy)x
smallest constant C' satisfying

Jjez,

X LPN (wy)—s Lp (w), We denote the

N
1T (frr s ) ooy < C Tl ey froeoo s F € S(R).
i=1
Function spaces will be defined in Section 2.
In the unweighted case, Tomita [13] proved a Hérmander type multiplier theorem for

multilinear operators, namely, if s > Nn/2, then

| Tl or @y x - x Low &) - Lo (&) S SUP ||| 2 (R ve)
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for 1 < pi1,...,pN,p < oo satisfying 1/p; + --- + 1/py = 1/p. Here H2(RN") is the
L?-based Sobolev space of usual type. Grafakos and Si [7] extended this result to the
case p < 1 by using the L"-based Sobolev space, 1 < r < 2. For further results in this
direction, see [6, 10, 11, 5]. Let 1 < py,...,pny < oo and 1/p; +---+1/py = 1/p. In
the weighted case, Fujita and Tomita [4] proved that if n/2 < s; < n, p; > n/s; and
w; € Apg,/n foralli=1,... N, then

Tl Lot (o) oo LN () > Lo () S sup 12 mvmy. (1.2)
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where w = w?/™" ... wﬁ,/”” and H2(RN™) denotes the L2-based Sobolev space of product
type. This result can also be obtained from another approach of [8]. See [9, 1] for the
endpoint cases.

The following is our main result which can be understood as a generalization of the
result by Fujita and Tomita [4]. Taking r; = 2 for all i = 1,..., N in (1.3), we have
(1.2). Si [12] obtained some weighted estimates for multilinear Fourier multipliers with
the L"-based Sobolev regularity, 1 < r < 2.
Theorem 1.1. Let 1 < py,...,py < 00, 1/p1 +-

(L2, ry <ryor <-
i=1,...,N. Assume

~+1/py =1/p, ¥ = (r1,...,rn) €
C< gy <y, 8= (s1,..0, 5N)€]RN and n/r; < s; < n for all

pi >n/s; and w; € Ay yn  forall i=1,...,N.

Then
(1.3)
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where w = wp/p‘ ---wi,/p“ and HZ((R™)N) is the Sobolev space of product type with

mized norm which will be defined in Section 2.

2 Preliminaries

2.1 Notations

An operator T' acting on N-tuples of functions defined on R" is called the N-linear
operator. For two nonnegative quantities A and B, the notation A < B means that
A < CB for some unspecified constant C' > 0 independent of A and B, and the notation
A ~ B means that A < B and B < A. If z € R%, we denotes (1 + |z[?)'/2 by (z).
Let S(R™) and S'(R™) be the Schwartz class of all rapidly decreasing smooth functions
and tempered distributions, respectively. We define the Fourier transform Ff and the
inverse Fourier transform F~!f of f € S(R™) by
1 i€
oo [ emeneie

FHO=F© = [ e @ md F @)
(See, for example, [3, Chapter 1]). To distinguish linear and multilinear operators, for
m € L>®(R™), we denote the linear Fourier multiplier operator by m(D) defined by
_ = 1 i =
(D)) = F [m(©OF(©)] ) = s [ e m(e)e) de
(2m)"™ Jgn
for f € S(R™), where z,§£ € R™. Let 0 < p < oo and w > 0. The weighted Lebesgue

space LP(w) consists of all measurable functions f on R™ such that

1p
HfHLG(w) S Hf”LP(me(z)dz) = (/Wn |f(2)|Pw(z) dl‘) < 0.

Let 1 < p < 0co. We say that a weight w belongs to the Muckenhoupt class A, if

o o)l o)<

where the supremum is taken over all balls B in R™, |B| is the Lebesgue measure of B,
and p’ is the conjugate exponent of p, that is, 1/p+1/p’ = 1. Tt is well known that the
Hardy-Littlewood maximal operator M is bounded on L?(w) if and only if w € A,([3,
Theorem 7.3]).

2.2 Function spaces

To distinguish spaces of usual type and mixed type concerning integrable indices, we
use RN and (R")V, respectively.

We recall the definition of LP-spaces with mixed norm ([2]). Let § = (p1,..., PN) €
(0,00)N. The Lebesgue space with mixed norm LP((R")V) consists of all measurable

functions F' on RV™ such that

I1F 1l pageenyy = |I1F (21

< 00,

)HLpl(u(" day) " HLPN(Ryd,N)

where (21,---,2x) € (R")V and dz; is the Lebesgue measure with respect to the
variable x; for all i = 1,...,N. In particular, if each p; is equal to p € (0,00),
then we have HFHL,.( @)~y = [[Flle@yny. For # = (ri,...,ry) € (1,00)" and
€ RY, the norm of the Sobolev space of product type with mixed
")N) for F e 8'(RN") is defined by

§ =
norm HT((

HFHH;'((RH)N) = ||]:—1 [<£1>

L7((Rm)N) ’

N and F~! is the inverse Fourier transform
of RN™. Taking r; = 2 for all i = 1,- ,N, we obtain the L2- based Sobolev space of
product type HZ(RV™), namely, || Flgz@yn) = [(€)° -+ (€n)V F (&1, -, 8| L2 @vm)-
It should be remarked that if s; = s/N,s >0 foralli=1,--- N,

where (&) = (1 + |[*)"/2 for i =1

HIRN™) <> HERY™),

where H2(RN™) is the L2-based Sobolev space of usual type, that is to say, || F| H2(RNn) =
H(f)sF'HLz(RNn), where ¢ € RV™.

For = (p1,....pn) € [L,00)" and §= (sy,...,sn) € RV, the norm of the weighted
Lebesgue space with mixed norm LE((R™)N) for F € &'(RN™) is also defined by

1F N gqqanysy = [IF @1 o)

HLm(Ruzl)ndxl) | o ke gy dane)

= (1 + |24?)%/? for all i = 1,...,N. For
accuracy, we will frequently write L} (pr-: ’pl‘v) ((R™)N) instead of LE((R™)Y) in the proof.

For = (p1,...,pn), 7 = (ql,A“,qN) € (0,00)N, we shall agree that if a ~ b is a
relation between numbers a and b, then p’ ~ ¢ means that p; ~ ¢; holds for each i.

where (z1,...,zx) € (RN dnd( ;)%

3 Lemmas

In this section, we give lemmas which play important roles in the proof of Theorem 1.1.
The proof of the following lemma is based on the argument of [14, Proposition 1.3.2] or
[13, Lemma 3.3].

Lemma 3.1. Let r > 0, 5 = (p1,---,pn), § = (g1, ,qn) € [Loo)N, § =
(51, ,sn) € (R>)Y and p zf Then, the estimate

s1 SN SN
¢y &) F<51M5N>1L5(<w e e e )|y,
holds, where supp F C {§ = (&1,..., EN) € (RN g < 7).

The following is a key lemma in the proof of Theorem 1.1. Fujita and Tomita [4,
Proposition A.2] proved (1.2) by using the fact that H2(RV™) is a multiplication algebra
when s; > n/2 for alli = 1,---, N. Instead of this, we shall use the following lemma.
Lemma 3.2. Let Ny € N, ¥ = (r1,...,7n) € (L2]V, ry < ry_qg < -+~
§=(81,...,8n) ERN n/ry < si <mandn/s; < q < foralli=1,...
the estimate

7 [m2ryw/29]] -

(s1ai,

<71y <y,
,N. Then,

s

< 5Up 1 gy
Ny jez H(®DY)

((R™)N)

holds for all j € Z, —No < k < Ny and m € HL((R")V).
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